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Extension of the Standard Model of Electroweak interaction and Dark Matter in the
Tangent Bundle geometry
Joachim Herrmann
Max Born Institute, Max Born Straße 2a , D12489 Berlin, Germany∗
A generalized theory of electroweak interaction is developed based on the underlying geometrical
structure of the tangent bundle with symmetries arising from transformations of tangent vectors
along the fiber axis at a fixed space-time point given by the SO(3,1) group. Electroweak interaction
beyond the standard model (SM) is described by the little groups SU(2)⊗Ec(2) (Ec(2) is the central
extended Euclidian group) which includes the group SU(2) ⊗ U(1) as a limiting case. In addition
to isospin and hypercharge, two additional quantum numbers arise which explain the existence of
families in the SM. The connection coefficients deliver the SM gauge potentials but also hypothetical
gauge bosons and other hypothetical particles as a Higgs family as well as candidate Dark Matter
particles are predicted. Several important consequences for the interaction between dark fermions,
dark scalars or dark vector gauge bosons with each other and with SM Higgs and Z-bosons are
described.
PACS numbers: 12.10-g,12.10 DM, 12.15-g, 12.60-i
+1. Introduction
The formal equivalence of gauge theories with the ge-
ometry of fiber bundles has been recognized since the
1960s [1–5]. In the fiber bundle formalism, gauge poten-
tials are understood as a geometrical entity - the con-
nections on the principal bundles, and matter fields are
described by associated fiber bundles. The geometri-
cal interpretation of gauge theories by the mathemati-
cal fiber bundle theory is a beautiful and mathematically
profound concept. However in earlier investigations the
transformation groups of the fibers were taken from the
phenomenologically determined internal gauge groups of
the Standard Model (SM). Therefore, up to now the fiber
bundle interpretation delivers mainly a re-interpretation
of the gauge fields and did not effectuated a physical the-
ory beyond the SM.
In this paper we consider as a general hypothesis that
the fundamental physical interactions can be described
within the geometrical structure of the most fundamen-
tal fiber bundle - the tangent bundle, and gauge transfor-
mations can be identified with transformations at a fixed
spacetime point along the tangent vector axis leaving the
scalar product invariant. This means the gauge group
is not assumed by phenomenological reasons but arises
self-consistently from the invariance of the scalar product
with respect to tangent fiber transformations described
by the group SO(3, 1). Since the action of this group is
not transitive, the vector space decomposes into different
orbits and the most general (projective) irreducible rep-
resentations of SO(3,1) can be found by the little groups
SU(2), Ec(2) and SU(1, 1) where the group Ec(2) is the
central extended Euclidean group. Based on differential
geometry on the tangent bundle with covariant deriva-
tives determined by the generators of the transformation
group G = SU(2) ⊗ Ec(2) and corresponding connec-
tion coefficients (gauge potentials) a generalized theory of
the electroweak interaction is derived. In addition to the
internal quantum numbers (IQN) of isospin and hyper-
charge, the Ec-charge κ and the family quantum number
n arise which could elucidate the existence of families in
the SM. In this approach the known Z and W± gauge
bosons can be found again but in addition new extra Ec
and B± gauge bosons and other hypothetical particles
as e.g. a family of Higgs particles are predicted. A no-
table feature of the theory presented is the possibility
of identifying candidate stable or unstable hypothetical
Dark Matter (DM) vector bosons, DM scalars and DM
fermions with zero hypercharge and zero isospin but non-
zero Ec-charge κ 6= 0 without additional phenomenolog-
ical model assumptions. Here we present only the basics,
specific in-depth observable consequences are beyond the
present paper. Note that the more general transforma-
tion group SO(3, 1)⋊T (3, 1) (where T (3, 1) is the trans-
lational group and ⋊ represents the semi-direct product)
includes teleparallel gravity into the tangent bundle ge-
ometry based on translational transformations T (3, 1) of
the tangent fibers. According to this approach the inter-
pretation of the SO(3, 1) connection coefficients as elec-
troweak gauge potentials is compatible with teleparallel
gauge gravity theory which is fully equivalent to Ein-
stein´s general relativity theory.
2. Differential geometry on the tangent bundle
At the beginning we start with a brief description of
the geometry of the tangent bundle on a manifold (see
e.g. [6]).The tangent space Tx(M) at the point x on
the space-time manifold M is the set of all tangent vec-
tors spanned by frame vectors in the coordinate basis
eµ = ∂µ (µ = 0, 1, 2, 3). The tangent bundle is the
union of all tangent spaces at all points x of the man-
ifold M : TM =
⋃
x∈MTx(M). In coordinate descrip-
tion a point in TM is described by the numbers of pairs
X = (x, u) with x = {x0, x1, x2, x3) as the coordinates
of the spacetime manifold and u = {u0, u1, u2, u3) are
the coordinates of the tangent vectors. Thus the tan-
2gent fiber bundle geometry introduces four additional
variables u for the description of the tangent fiber. To
aid understanding, it is convenient to consider M as a
Pseudo-Riemannian spacetime manifold with indefinite
metric gµν(x). Besides the frame vectors in the coordi-
nate basis eµ = ∂µ (µ = 0, 1, 2, 3), one can introduce the
tetrads as another geometric object on the tangent space:
ea = e
µ
a(x)∂µ. (1)
Each vector described in the coordinate basis eµ = ∂µ
can be expressed by a vector with respect to the tetrad
frame basis ea according to the rule
vν = eνa(x)v
a. (2)
The subscript a, b, .. numbers the vectors (a, b = 0, 1, 2, 3)
and µ their components in the coordinate basis. The
dual basis of the frame fields ea are cotangent frame 1-
forms ea = eaµdx
µ satisfying the orthogonality relation
eµa(x)e
a
ν(x) = δ
µ
ν . By using the tetrads of the pseudo-
Riemannian manifold, the scalar product of two vectors
is given by the Lorentz metric:
(v, u) = gµν(x)v
µuν = gµν(x)e
µ
a(x)e
ν
b (x)v
aub
= ηabv
aub, (3)
where ηab = diag(−1, 1, 1, 1) is the metric of the
Minkovski space.
The geometric properties of manifolds are usually re-
lated to the invariance of certain geometrical structure re-
lations under the action of certain transformation groups.
The definition of the scalar product (3) is the governing
structure relation defining the geometry of the tangent
bundle. Tangent vectors manifest two kinds of transfor-
mations which do not change the scalar product in (3).
Under general coordinate transformations of the space-
time manifold xµ → yµ = yµ(x) vectors transform as
v′µ(x) = (∂yµ/∂xν)vν(x). On the other hand, the vector
components in the tetrad frame basis remain unchanged:
v′a(x) = va. A second type of transformations exists that
does not change the scalar product. These are transfor-
mations at a fixed point x of the spacetime manifold M
transforming the tangent vectors along the tangent fiber
directions as follows:
v′a = T ab (x)v
b, e´aµ = (T
a
b (x))e
b
µ, (4)
e´µa(x) = (T
b
a(x))
−1eµb (x),
where T ab (x) are matrices satisfying the conditions
ηabT
a
c T
b
d = ηcd. On the other hand, the tangent vec-
tors which refer to the coordinate frame remain un-
changed: v′µ = vµ. The transformation group of tan-
gent vectors along the tangent fiber is the SO(3, 1) group
of special linear transformations, with matrix elements
T ab (x) ∈ SO(3, 1) depending on the spacetime point x as
a parameter.
Note that the transformation of the tangent vectors by
the group SO(3, 1) is not the most general transforma-
tion. Actually, the fact that the group SO(3, 1) leaves
the scalar product of tangent vectors invariant is not suf-
ficient because we need the infinitesimal tangent vector
line elements to be invariant.
(dv, du) = gµν(x)dv
µduν = ηabdv
adub. (5)
This allows us to add constant translations to the trans-
formations in (4):
v′a = T ab (x)v
b + aa(x), (6)
and leads to the more general transformation group
SO(3, 1)⋊ T (3, 1).
Poincare transformations and the transformation
group (6) of tangent vectors T ab (x) in the tetrad basis are
described by the same group SO(3, 1)⋊T (3, 1) but both
have principal different geometrical and physical mean-
ing: the first transforms the spacetime coordinates of
a flat manifold while the second describes transforma-
tions within the tangent fiber F = Tx(M) leaving the
spacetime point x unchanged. The fact that Poincare
transformations (defined as coordinate transformations
of spacetime in a flat manifold) and the transformation
(6) are based on the same mathematical group could lead
to confusions which can be avoided if the principal dif-
ferent meaning of both transformations is taken into ac-
count. As an example, the Coleman-Mandula theorem
[7] states that the combination of spacetime symmetries
with internal symmetries is not possible in any but trivial
way. And this is what here is the case, the group SO(3, 1)
in (4) or SO(3, 1)⋊T (3, 1) in (6) are the internal groups
and they are combined with spacetime transformations
as explained below (3) only in a trivial way.
3. Connections on the Tangent Bundle and
Teleparallel Gauge Gravity Theory
The geometric construction of tetrads is closely linked
to the conceptional basis of gravity theories and its
extensions to gravity gauge theories. To facilitate a
proper understanding of the underlying geometric struc-
ture and a unified description including gravity we first
consider the general inhomogenous transformation group
SO(3, 1)⋊ T (3, 1) and its relationship with gravity. Dif-
ferential geometry on the tangent bundle can be ob-
tained using the general rules for principal fibre bundles
P (M ;G) requiring the definition of connections and co-
variant derivatives on the bundle. The definition of a
covariant derivative demands to consider vectors which
point from one fiber to the other at different points x
and x´ of the spacetime manifold. The generators La of
the group G are vertical vectors pointing along the fiber
and therefore belong to the vertical subspace Vu(P ). Hor-
izontal vectors in the subspace Hu(P ) which point away
from the fibers (i.e. elements of the tangent space of the
fiber bundle Tu(P ) that complement the vertical vectors
3in Vu(P )) can be constructed by the definition of a con-
nection as an assigment to each point in the principle
fiber such that [8, 9]
Tu(P ) = Hu(P )⊕ Vu(P ). (7)
The definition of a connection can be used for the defini-
tion of a covariant differentiation along the curves hori-
zontally lifted to the principal bundle:
d
dτ
=
dxµ
dτ
Dµ, (8)
where
Dµ =
∂
∂xµ
+ iA˜aµLa, (9)
is the covariant derivative on the principal fiber bundle.
La are the right-invariant fundamental vector fields (gen-
erators) on the group manifold G = {gij} and A˜aµ the
connection coefficients of the group G. A connection on
a principal bundle induces a connection on the associated
bundle. The covariant derivative on the associated bun-
dle is given by (9) substituting the generators La by the
left-invariant fundamental vector fields on the section of
the associated bundle which describe matter fields.
The geometric transformations of tangent vectors in
a tangent bundle are described by the group G =
SO(3, 1)⋊T (3, 1). According to (9) the covariant deriva-
tive along the horizontal lifted curve on the principal bun-
dle P (M ;G) of this group is given by
Dµ =
∂
∂xµ
+ iωa.µPa +
i
2
Ωab..µMab, (10)
whereMab are related with the 6 generators of the group
SO(3, 1) with Ja = ǫabcMbc,Ka = −Moa and P a are
the generators of the translational group T (3, 1). Here
ωa.µ and Ω
ab
..µ are connection 1-forms of the T (3, 1) and
SO(3, 1) group, respectively. The total field strength ten-
sor can be defined as
Fµν = [Dµ, Dν ] = T
a
.µνPa +
1
2
Rab..µνMab, (11)
with the torsion tensor
T a.νµ = ∂νω
a
.µ − ∂µωa.ν + (Ωa.eνωe.µ − Ωa.eµωe.ν), (12)
and the curvature tensor
Ra.bνµ = ∂νΩ
a
.bµ − ∂µΩa.bν + (Ωa.eνΩe.bµ − Ωa.eµΩe.bν). (13)
Through contraction with tetrads, tensors can be trans-
formed to spacetime indexed forms as e.g. vµ =
eµav
a, R̺.λνµ = e
̺
ae
b
λR
a
.bνµ and the lower frame index va can
be raised by the Lorentz metric va = ηabvb. The connec-
tions ωa.µ and Ω
ab
..µ are fundamental structure functions
characterizing the specific tangent bundle.
Parallel transport of a tangent vector va from a point
x in the spacetime manifold to a neighboring point x´ is
defined by the covariant derivative
Dµv
a = ∂µv
a +Ωa.µbv
b, (14)
where Ωa.µb is denoted as frame connection. On the other
hand the covariant derivative of vectors which refer to
the coordinate basis can be written as
Dµv
ν = ∂µv
ν + Γν.µρv
ρ, (15)
with the coordinate connection Γν.µρ. The coordinate con-
nection Γρ.µλ is connected with the frame connection Ω
a
.bµ
by requiring Dµe
a
ν = ∂µe
a
ν − Γρ.µνea̺ + Ωa.µbebν = 0 from
which the following relation can be derived
Ωa.bµ = e
a
ν∂µe
ν
b + e
a
νΓ
ν
.ρµe
̺
b . (16)
For the description of gravity tetrads eνb and a specific
coordinate connection Γρ.µλ has to be defined. For a man-
ifold with vanishing metricity described by the condition
Dλgµν = ∂λgµν − Γρ.µλg̺ν − Γ̺.νλgµρ = 0 one gets [10].
Γρ.µν = Γ˜
̺
.µν +K
̺
.µν , (17)
where Γ˜ρ.µν is the Levi-Civita connection and K
̺
.µν is the
contortion tensor
K̺.µν =
1
2
(T .̺ν.µ + T
.̺
µ.ν − T ̺.µν), (18)
with the torsion tensor T ̺.µν = Γ
̺
.µν−Γ̺.νµ.The underlying
geometric structure with respect to translational and ro-
tational transformations (6) of tangent vectors leads to
a Riemann-Cartan spacetime endowed with frame con-
nections ωa.ν and Ω
a
.µb, non-vanishing curvature R
a
.bνµ,
nonvanishing torsion T a.νµ but vanishing metricity. The
special case of a Rieman spacetime and the General The-
ory of Relativity (GTR) can be obtained from the above
formulas by setting the torsion tensor to be identically
vanishing. The coordinate connection Γν.ρµ then is given
by the Levi-Civita connection Γ˜̺.µν related with the met-
ric tensor gµν . The frame connection Ω
a
.µb in this case
is usually denoted as spin connection Ω˜a.bν related with
the Levi-Civita connection Γ˜̺.µν by the equation (16). On
the other hand based on the symmetry with respect of
translational transformations of tangent vectors a gauge
theory of gravity has been developed by analogy with in-
ternal symmetries [11–15]. This gauge gravity theory cor-
responds to the teleparallel gravity theory, which is an al-
ternative but equivalent formulation of the GTR describ-
ing the very same gravitational field. In teleparallel grav-
ity, the torsion is non-vanishing, acting as a gravitational
force while the curvature Ra.bνµ vanishes identically. The
translational connections ωaµ and the tetrad coframe e
a
µ
4turn out to be conceptional distinct entities, since it does
not transform inhomogeneous with a gradient term un-
der gauge transformation [18]. The coframes depend on
the translational connection in the form eaµ = ω
a
µ+Dµξ
a,
Dµ = ∂µδab + Ω
a
.µb where ξ
a = ξa(x) is a coset vector.
Locally at a given point x on the spacetime manifold one
can transform Dµξ
a by a gauge tansformation into δaµ
(where δ is the Kronecker symbol). Note that the coframe
eaµ induce a metric as an independent dynamically quan-
tity. In the geometry of teleparallel gravity the coordi-
nate connection Γρ.µλ takes the form of the Weizenbo¨ck
connection Γ
‖ρ
.µλ =
W Γρ.µν(x), defined as
WΓρ.µν(x) = e
̺
a(x)∂νe
a
µ(x). (19)
If we consider only gravitational effects with the choice
of the Weizenbo¨ck connection in teleparallel gravity a
vector is parallel transported if its projections on the
tetrads is proportional, regardless the path connecting
both tangent spaces. This can we see from (15) with the
substitution of Γρ.µν(x) by
WΓρ.µν(x) which yields for the
covariant derivative Dqµv
ν = eνa(x)∂µv
a. In teleparallel
gravity the connection coefficients Ω
‖a
.bν represents a pure
inertial effect [14] where Ωqa.bν is the spin connection in
teleparallel gravity. There exist a class of inertial frames
in which Ωqa.bν vanishes: Ω
qa
.bν = 0.
The Weizenbo¨ck torsion can be used to build up
the Lagrangian of teleparallel gravity with quadratic
Weizenbo¨ck scalars [11, 14, 15], given by
L = − h
16π
[
1
4
T abcTabc +
1
2
T abcTbac − T aTa], (20)
where h = det(eaµ) and Tb = T
a
ab.The Lagrangian is up to
a divergence equivalent to the Lagrangian of Einstein´s
GTR, this means both theories are simply alternative
formulations for the description of gravity but are based
on different principles.
A principal bundle P (M ;G) encodes the essential data
of gauge transformations and the frame connection Ωa.bν
and ωa.µ are additional structure functions that are at-
tached to it and are in general independent defined on
the existence of a metric ( [8, 9]). If the structure group
G = SO(3, 1) ⋊ T (3, 1) is restricted to the translational
subgroup T (3, 1) eq..(12) and (13) can be taken with
Ωa.bµ put everywhere equal to zero. The torsion tensor
is now determined by T a.νµ = ∂νω
a
.µ−∂µωa.ν which can be
obtained by a specific gauge fixing and describes grav-
itation in the so-called pure teleparallel gravity theory.
Note that the structure group of the tangent bundle is
the larger group G = SO(3, 1)⋊ T (3, 1). This raises the
question of the physical meaning of the other subgroup
SO(3, 1). If Ωa.bµ do not vanishes we find from (13) a
non-Abelian field strength tensor which in teleparallel
gauge gravity theory (based on the translational symme-
try) is not related to gravity. In this paper the main
hypothesis is elaborated that non-Abelian fields in elec-
troweak interaction can be identified with the connection
coefficients Ωa.bµ arising from transformations along the
tangent fiber axis described by the group SO(3, 1).This
interpretation differs from Poincare gravity gauge the-
ory based on the localization of the Poincare group as
gauge group [16] (for a review see [17]). In this theory
both the translational part and the rotational part of
the local Poincare group is related with gravity leading
to a hypothetical generalized gravity theory, denoted as
the Einstein-Cartan gravity theory. In the following we
use the denotation connection coefficients and gauge po-
tentials in parallel as well as gauge transformations and
tangent vector transformations.
4. The generators on the little groups
From now on we neglect gravity arising from the trans-
lational part aa(x) of the transformation of tangent vec-
tors in (6). Since the action of SO(3, 1) on a tangent
vector is not transitive, the vector space decomposes into
different orbits with the little groups SO(3), E(2) and
SO(1,2). The unitary representations TL(g) of the little
groups SO(3) and E(2) are well known. The composi-
tion law of these so-called vector representations TL(g)
satisfy the functional equation TL(g1)TL(g2) = TL(g1g2)
and encodes the law of group transformations on the set
of vector states. However it is known that this composite
law is too restrictive and leads in special cases to certain
pathologies, as e.g. the Dirac equation is not invariant
under the Poincare group, but under its universal cov-
ering group. In quantum theory the physical symmetry
of a group of transformations on a set of vector states
has to preserve the transition probability between two
vector states |≺ Φ, TL(g)Ψ ≻|2 = |≺ Φ,Ψ ≻|2. Therefore
as shown by Wigner [19] and systematically studied by
Bargman [20] the problem of pathologies can be solved
if the above given composite law is replaced by a weaker
one: TL(g1)TL(g2) = ε(g1, g2)TL(g1g2) where ε(g1, g2) is
a complex-valued antisymmetric function of the group
elements with |ε(g1, g2)| = 1. Such representations are
called projective representations. For the case of simply
connected groups like the rotation group SO(3) projec-
tive representations are obtained by replacing the group
SO(3) by its universal cover SU(2). However in the case
of the non-semisimple Euclidean group E(2) the covering
group is not enough, one has to substitute this group by a
larger group: the universal central extension Ec(2) which
includes in addition to the group elements of E(2) the
group U(1) of phases factors ε(g1, g2) with| ε(g1, g2) |= 1.
In general a central extension Gc of a group G with ele-
ments (g,ς) ∈ Gc and g ∈ G, ς ∈ U(1) satisfy the group
law [20]
(g, ς) = (g1, ς1) ∗ (g2, ς2) = ((g1 ∗ g2, ς1ς2 exp[iξ(g1, g2)],
(21)
where ξ(g1, g2) is the 2-cocycle satisfying the relation
ξ(g1, g2)+ξ(g1∗g2, g3) = ξ(g1, g2∗g3)+ξ(g2, g3), ξ(e, g) =
5ξ(g, e) = 0.
The two-dimensional Euclidian group
E(2)=T (2)⊗SO(2) with E(2)= {(α, a) | α ∈
R,(mod 2π), a = (a1,a2)
T∈R2} is a semi-direct product
of translations and rotations of the two-dimensional
Euclidian plane. Since the invariant subgroup SO(2) is
abelian this group is not semi-simple and not compact
and the unitary representations are infinite dimensional.
The representations of the group E(2) constructed on
the space of functions are well known. The action of the
group E(2) on a vector Z = (ξ1, ξ1) is given by:
(α, a)(ξ1, ξ2) = (ξ1 cosα−ξ2 sinα+ a1, (22)
ξ1 sinα+ξ2 cosα+ a
2).
The most general (projective) representations of E(2) can
not be obtained from its universal covering group but by
the central extended group Ec(2). This group has been
studied previously as e.g. in [20–22]. The central exten-
sion embodies in addition a U(1) subgroup characterized
by a complex parameter ζ = exp(iω). Ec(2) consists of
elements (α, a,ω) with (α, a) ∈ E(2), ω∈R. The action of
the group Ec(2) on a vector Z = (ξ1, ξ2, β) is described
by [20–22].
(α, a,ω)(ξ1, ξ2, β) = (ξ1 cosα−ξ2 sinα+ a1, (23)
ξ1 sinα+ξ2 cosα+ a
2,
β + ω +
1
2
m(α, a,ξ1, ξ2)),
where m(α, a,ξ1, ξ2) is the two-cocycle which gives the
desired central extension parametrized as
m(α, a,ξ1, ξ2) = (a1ξ1 + a2ξ2) sinα− (24)
−(a1ξ2 − a2ξ1) cosα.
By using of (23) and (24) we can find the infinitesimal
transformations and the generators of the Lie algebra
which satisfy the following communication rules
[T1,T2] = iE, (25)
[T1,T3] = −iT2,
[T2,T3] = iT1,
[Ta,E] = 0.
Of particular interest are the generators on this group:
T1 = −i( ∂
∂ξ1
+
1
2
ξ2
∂
∂β
),T2 = −i( ∂
∂ξ2
− ξ1
1
2
∂
∂β
),
T3 = −i(ξ1
∂
∂ξ2
− ξ2
∂
∂ξ1
),E = −i ∂
∂β
, (26)
The group Laplacian (Casimir operator) is determined
by
∆ = (T1)2 + (T2)2 + 2T3E. (27)
Accordingly, the operator E is the centre of the group.
To derive a canonical basis we use the eigenfunction of E
,T3 and the Laplace operator∆ of Ec(2). Using polar co-
ordinates ξ1 = ξ cosφ, ξ2 = ξ sinφ and hnmκ(ξ, β, φ) =
exp(iκβ)(exp(imφ)gnmκ(ξ) we find with the Laplacian
(27) the following equation for gnmκ(ξ) :
[(−1
ξ
∂
∂ξ
ξ
∂
∂ξ
+
1
ξ2
m2) + κ2ξ2 − 2κm]gnmκ(ξ)
= ǫnmκgnmκ(ξ). (28)
With the solutions of (28) we find for hnmκ(ξ, β, φ)
hnmκ(ξ, β, φ) = Nnmκ | κ ||m|/2 exp(iκβ)(exp(imφ)
exp(−| κ | ξ
2
2
)ξ|m|L|m|n (| κ | ξ2), (29)
withNnmκ =
√
κ
π (
n!
(|m|+n)!)
1
2 , ǫnmκ = 4κ(n+
1
2+
1
2 (m+ |
m |), with n = 0, 1, 2.., m = 0,±1,±2, ..,κ =,±1,±2, ..
Here L
|m|
n (x) are the associated Legendre polynomi-
als. The solutions hnmκ form an ortho-normalized set
and have the analog form like the solutions of the 2D
Schro¨dinger equation in the symmetric gauge for elec-
trons in a constant magnetic field [23]. The group Ec(2)
is isomorphic to the quantum harmonic oscillator group
studied e.g. in [24].
The special eigenvalue κ = 0 plays a particular role.
The solution of (28) for κ = 0 is given by
hρm00 =
1√
2π
J|m|(ρξ) exp(imφ), (30)
and agrees with the results for the group E(2). J|m|(x)
are the Bessel functions. The eigensolutions fall into two
classes: the continuos series with ρ2 6= 0 and the discrete
series with ρ2 = 0 and
h00m0(φ) =
1√
2π
exp(imφ). (31)
As described later the generator T3 corresponds to the
hypercharge generator in the SM. It is convenient to in-
troduce for T1 and T2 the generators T
± = 1√
2
(T1 ±
iT2). The action of the operator T+ on the eigen-
functions gnmκ increases the hypercharge from m to
m + 1, but simultaneously generates states with dif-
ferent family numbers n: T+gnmκ = Σ
n
i=0Aigi,m+1,κ.
Correspondingly the generator T− reduce the hyper-
charge: T−gnmκ = Σni=0Bigi,m−1,κ. Ai and Bi are coef-
ficients, respectively. The action of the operator product
(T−T+ +T+T−) on the eigenfunctions is given by
(T−T++T+T−)gnmκ(ξ, φ, β) = qBgnmκ(ξ, φ, β), (32)
6with qB(n,m,κ) = 4κ[n+
1
2 (1+ | m |)].
The generators J1,J2,J3 on the group SU(2)
are well-known and, by using the Laplacian ∆ =
(J21+J
2
2+J
2
3) on this group, all finite-dimensional repre-
sentations can be found (see e.g. [25, 26]. The applica-
tion of the operators J± = 2−1/2(J
1± iJ2) and J3 on the
eigenfunctions of the Laplacian ∆ leads to
J±f
j
.j3
=
1
2
[j(j + 1)− j3(j3 ± 1]1/2f jj3±1, (33)
J3f
j
j3
= j3f jj3 , (34)
where j = (−j3.− j3 + 1, .., j3) are the isospin quantum
numbers, j3 is the projection on the third isospin axis.
Besides we find
(J+J− + J−J+)f
j
.j3
= qW f
j
.j3
, (35)
with qW = [j(j + 1) − j23 ]. Using the parametrization
z1 = cos
θ
2 exp[i(ψ − ϕ)/2], z2 = i sin θ2 exp[i(ψ + ϕ)] we
find for j = 1/2, j3 = 1/2 from the SU(2) Laplacian f
j
j3
=
z1 and for j = 1/2, j3 = −1/2 : f jj3 = z2 . For the isospin
numbers j = 1, j3 = 1 we have f
1
1 = (z1)
2/
√
2, for j3 = 0
one finds f01 = z1z2 and j3 = −1 yields f1−1 = (z2)2/
√
2.
The eigenfunctions for the general case for the isospin j
are given by[26]
fjj3 = (
1
(j + j3)!(j − j3)! )
1/2zj+j31 z
j−j3
2 , (36)
In traditional Quantum field theory the internal de-
grees of freedom such as iso-spin, hypercharge or color
are described by spacetime depending multi-component
fields taking into account the vertical structure given
by the internal gauge groups by the corresponding Lie-
algebra representation. In the TB description in differ-
ence to the two-component formalism the basic objects
on the group SU(2) (which here is interpreted as the
iso-spin group) are functions Φ(x, z1, z2) depending both
on the coordinate x of the spacetime manifold and the
complex coordinates z1 = z1(θ, ϕ, ψ), z2 = z2(θ, ϕ, ψ) .
General functions on the group manifold can be decom-
posed into the form
Φ(x, z1, z2) =
2j∑
j3=0
φj3(x)f
j
j3
(z1, z2) (37)
The standard description for j3 = ± 12 by two-component
functions (φ1(x), φ2(x))
T is obtained from (37) by the
projection into the configuration space by using the rela-
tion
Φ(x, z1, z2) = (z1, z2)
(
φ1(x)
φ2(x)
)
(38)
For final dimensional representations of the group
SU(2) the above presented description by using coor-
dinates on the group manifold z1 and z2 is equivalent
to the multi-component description in non-abelian field
theory. However for a noncompact group as the group
Ec(2) a multi-component representation is not favorable
and the tangent bundle approach using coordinates of
the tangent space is more convenient.
5. Lagrangians on the tangent bundle
5.1 Lagrangian of Gauge fields on the group
SU(2)⊗Ec(2)
Based on the above described orbit decomposition and
using the group G = SU(2)⊗ Ec(2) the covariant deriva-
tive (10) with ωaµ = 0 can be rewritten as:
Dµ =
∂
∂xµ
+ ig1A
a
µ(x, u)Ja + ig2
1
2
Baµ(x, u)Ta+
+ ig3Cµ(x, u)E, (39)
where Ja are the generators of the group SU(2) and
Ta and E are the operators (26) on the group E
c(2).
Aaµ(x, u),B
a
µ(x, u) and Cµ(x, u) are the frame connection
coefficients (gauge potentials).The gauge field strength
tensors can be obtained from the commutators [Dµ,Dν ].
Let us first consider the gauge fields for the group Ec(2).
The following relations for the field strength tensors
Baµν(x, u) and Cµν(x, u) of the generators Ta and E can
be derived:
B±µν =
∂
∂xµ
B±ν −
∂
∂xν
B±µ ±
±g2i(B±µ B3ν −B3µB±ν )
B3µν =
∂
∂xµ
B3ν −
∂
∂xν
B3µ (40)
Cµν =
∂
∂xµ
Cν − ∂
∂xν
Cµ − g2i(B+µB−ν −B−µ B+ν )
where B±µ = 2
−1/2(B1µ ± iB2µ).
Recently the non-semisimple group Ec(2)found atten-
tion in 1+1 gravity theory [27], for the construction of
string background in the Wess-Zumino-Witten (WZW)
model, in 3D Chern-Simon theory [28–30] as well as
in Yang Mills theory [29]. Gauge theory for a group
with generators La and commutators [ La, Lb] = if
c
ab
Lc requires a bilinear form gab which is symmetric, in-
variant with respect of gauge transformations and non-
degenerate so that there exist an inverse matrix. For
semi-simple groups the invariant bilinear form is given
by the Killing form and proportional to the Kronecker
symbol gKab = f
d
acf
c
bd = δab. For the non-semi-simple
group Ec(2) the Killing form is degenerate and given by
gKab = δa3. Nevertheless there exists an another form of
an invariant product for this gauge group. Let us deter-
mine the general conditions for a non-degenerate invari-
ant product.
7The Lagrangian of the gauge fields must be a quadratic
combination of the field strength tensor Baµν . Lorentz co-
variance restricts its form to
Lg = −1
4
gabB
a
µνB
bµν , (41)
with the invariant symmetric metric gab (gab = gba).
Under an infinitesimal gauge transformation the field
strengths transform like δBaµν = −fabcBbµνθc. The La-
grangian must be gauge-invariant, therefore the following
condition has to be fulfilled
gabB
a
µνf
b
deB
dµνθe = 0. (42)
Accordingly the metric gab must satisfy the following con-
dition:
gacf
c
bd + gbcf
c
ad = 0. (43)
For the group Ec(2) with the commutation rule (25)
for the generators La = Ta (a = 1, 2, 3) and L4 = E
the nonzero coefficients f cab are given by f
4
12 = −f421 =
1, f123 = −f132 = 1, f213 = −f231 = −1. Accordingly one
can derive a non-degenerate symmetric invariant bilinear
form gab = gba given by[27–29]
g0ab =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 (44)
The most general invariant quadratic form is a linear
combination of the metric g0ab and the Killing form g
K
ab =
δa3 given by
gab =


1 0 0 0
0 1 0 0
0 0 k 1
0 0 1 0

 , gab =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 −k

 (45)
with an arbitrary parameter k. The metric gab induces
a family of non-degenerate invariant quadratic forms of
Lorentz-invariant vectors vaµ:
I = v1µv
1µ + v2µv
2µ + kv3µv
3µ + 2v3µv
4µ. (46)
With a scaling of gab → 1k g˜ab and k ≫ 1 the invariant
product is given by
I0 = v
3
µv
3µ. (47)
The generator T3 of the the group Ec(2) corresponds to
the hypercharge operator in the SM and the Lagrangian
of the corresponding gauge field is described by the U(1)
group:
LE
c
g = −
1
4
B3µνB
3µν (48)
In the general case the invariant product can be di-
agonalized by the transformation v3µ =
1√
2
(cosαv′3µ −
sinαv′4µ), v
4
µ =
1√
2
(sinαv′3µ + cosαv
′4
µ) with tan 2α =
2
k .Then the quadratic form is given by
I = gabv
a
µv
bµ = v1µv
1µ + v2µv
2µ + a3v
′3
µv
′3µ − a4v′4µv′4µ
(49)
with a3 = k cos
2 α + 2 cosα sinα, a4 = −k sin2 α +
2 sinα cosα. With the choice a3 = a4 we get k = 0,
α = π/4 and a3 = a4 = 1.
Using (45) the gauge Lagrangian of the Ec(2) model is
given by:
LEc = −1
4
gabB
a
µνB
bµν (50)
= −k
4
B3µνB
3µν − 1
2
(B+µνB
−µν +B3µνC
µν)
The Lagrangian is invariant under the gauge transforma-
tions
δB±µ = ∂µθ
± ∓ g2i(B3µθ± − θ3B±µ ) (51)
δB3µ = ∂µθ
3
δCµ = ∂µθ
C + g2i(θ
+B−µ − θ−B+µ )
where θ3, θ± , θC are arbitrary spacetime depending
functions.
The Lagrangian (50) is not positive definite and leads
to negative terms in the Hamiltonian and to the occur-
rence of particles with un-physical negative norm. This
situation is analogical to the case of gauge field quantiza-
tion in covariant gauge of the SM with the gauge group
SU(2)⊗ U(1) where due to the form of the Lorentz metric
the time-like component B´a0 must correspond to negative
metric particles. Quantization requires to choose a spe-
cific gauge by adding terms like (∂µB
a
µ)
2 and (∂µCµ)
2 to
the Lagrangian for a covariant gauge which breaks the
gauge invariance and introduce new un-physical fields.
These so-called Fadeev -Popov ghost fields cancel the un-
physical gauge field components with negative norm.
A diagonal form of the Lagrangian (50) can be achieved
by the transformations
Cµ = (C
+
µ − C−µ ) (52)
B3µ = (C
+
µ + C
−
µ )
or the corresponding field strengths
Cµν = (C
+
µν − C−µν) (53)
B3µν = (C
+
µν + C
−
µν)
The Lagrangian of gauge particles with a gauge fixing
term and the Fadeev-Popov ghosts is for k = 0 given by
8LEc = −1
4
{2B+µνB−µν + C+µνC+µν − C−µνC−µν +
+
1
2ξ
(∂µB+µ )
2 +
1
2ξ
(∂µB−µ )
2 +
1
2ζ
(∂µC+µ )
2 +
+
1
2ζ
(∂µC−µ )
2 − (∂µc3)c3 − ∂µc+c− − (∂µc−)c+ +
−(∂µc4)c4 + ig2(∂µc4)(c+B−µ − c−B+µ) +
−ig2[(∂µc+)c− − (∂µc−)c+](C+µ + C−µ) + (54)
−ig2[(∂µc+)B−µ − (∂µc−)B+µ]c3},
where c± = 1√
2
(c1± ic2), c3, c4 and c±, c3, c4 are the anti-
commuting ghost fields and ζ the gauge parameter. The
cancellation of the un-physical gauge particles with neg-
ative norm by the Fadeev-Popov ghost particles can be
proven by the BRST symmetry in a gauge-invariant form.
Quantization of non-semi-simple gauge groups has been
studied in [29, 31–33]. In [29] one-loop radiative cor-
rections for the Yang Mills model with the Ec(2) gauge
group were computed. It was shown that there is no
two and higher loop re-normalization and the full quan-
tum effective action is given by the 1-loop term with the
divergent part that can be eliminated by a field redefini-
tion.
The field strength tensor for the group SU(2) is given
by
W±µν =
∂
∂xµ
W±ν −
∂
∂xν
W±µ ±
±g1i(W±µ B3ν −B3µW±ν ) (55)
B3µν =
∂
∂xµ
B3ν −
∂
∂xν
B3µ − g1i(W+µ W−ν −W−µ W+ν )
The total gauge Lagrangian on the TB is Lg = LEc +
LSU(2) where the Lagrangian of the group SU(2) with
the inclusion of ghost fields is given by
LSU(2) = −
1
4
{2W+µνW−µν +A3µνA3µν +
1
2ξ
(∂µW+µ )
2 +
+
1
2ξ
(∂µW−µ )
2 +
1
2ζ
(∂µA3µ)
2 +
−(∂µω3)ω3 − ∂µω+ω− − (∂µω−)ω+ (56)
+ig2(∂µω
3)(ω+W−µ − ω−W+µ)
−ig2[(∂µω+)ω− − (∂µω−)ω+]B3µ
−ig2[(∂µω+)W−µ − (∂µω−)W+µ]ω3}
with field strength tensors of the SU(2) gauge field
W±µ = 2
−1/2(A1µ ± iA2µ) and A3µ. ωa and ωa are a set
of independent anticommuting variables of the ghosts.
5.2 Lagrangians of matter fields on the group
SU(2)⊗Ec(2)
In the Lagrangian of the Higgs scalar particles LH =
(DµΦH)
†(DµΦH) the electromagnetic field should not
couple to the neutrino and should be diagonalized. Sub-
stituting (39) into the Lagrangian of the Higgs new mix-
ing terms appear and the diagonalization requires that
the fields A3µ, B
3
µ and Cµ have to be transformed to new
fields expressed by the relations
B3µ = cos θWAµ − sin θW (cos θDZµ − sin θDEcµ),
A3µ = sin θWAµ + cos θW (cos θDZµ − sin θDEcµ),
C3µ = sin θDZµ + cos θDE
c
µ. (57)
where θW is the Weinberg angle, g2 = g sin θW , g1 =
g cos θW , g = ((g1)
2 + (g2)
2)1/2,e = g cos θW sin θW
and θD is defined by tan 2θD = gg3mHκH/[(g3κH)
2 −
(mH2 g)
2], mH and κH are the IQNs of the Higgs particle.
The covariant derivative (39) can be rewritten as
Dµ =
∂
∂xµ
+ i[W+µ QW− +W
−
µ QW+) +B
+
µQB−(58)
+B−µQB+ + ZµQZ +AµQ+E
c
µQEc ],
with W±µ = 2
−1/2(W 1µ ± iW 2µ) and B±µ = 2−1/2(B1µ ±
iB2µ).The following operators are introduced
Q = (J3 +
1
2
T3), (59)
QZ = g cos θD(cos
2 θWJ3 − sin2 θW 1
2
T3)
+ g3 sin θDE,
QW± = g1J
±,QB± = g2
1
2
T±,
QEc = g(− cos2 θWJ3 + sin2 θW 1
2
T3) sin θD
+ g3 cos θDE.
Any scalar function Φ(x, u) defined on the fiber bundle
can be expanded into the form Φ =
∑
M (φM (x)χM (u)+
φ†M (x)χ
∗
M (u)) depending on the coordinates of the
spacetime manifold x and the eigenfunctions χM (u) =
hlmκ(ξ, φ, β)fjj3(z1, z2) of the Laplacian of the group
SU(2)⊗ Ec(2) defined by (29) and (36). Besides we in-
troduced the symbol for the IQNs: M = (n,m,κ, j, j3).
The total Lagrangian can be presented by
L = Ll + LH + Lg + LY uk. (60)
Here the Lagrangian of leptons Ll is defined in the chiral
representation as
Ll = i
∑
s
Ψl†s (x, u)σ
µ
s {
∂
∂xµ
+ i[W+µ QW− +W
−
µ QW+
+ ZµQZ +AµQ+E
c
µQEc ]}Ψls(x, u), (61)
with the helicity s = {L,R} and σµR = (σ0, σi), σµL =
(σ0,−σi) and Ψls(x, u) =
∑
M (ψ
−
M,s(x)χM (u) +
ψ+M,s(x)χ
∗
M (u)). Note that gauge fields and fermions or
scalars can carry different IQNs. As later is shown the
9known SM gauge particles as the the Z and W± bosons
as well as the Ec gauge boson carry the IQN κ = 0, but
due to the existence of families SM leptons carry non-
zero Ec−charges κ 6= 0. The interaction of leptons with
the B± bosons is forbidden because of a selection rule
discussed below.
The Lagrangian of the SM Higgs particles ΦH =
ΦH(x, u) (with I3 = −1/2,m = 1) in the unitary gauge
is given by
LH =∂µΦ
†
H∂
µΦH+ | ΦH |2 [g
2
1
2
W+µ W
µ−+
+ g22qBB
+
µ B
µ− + EcµE
cµ | QEc |2
+ | QZ |2 ZµZµ] + V (ΦH), (62)
with QZ = − 12 cos θDg+g3κH sin θD, QEc = g sin θD/2+
g3κH cos θD, qB = 4κH(n+1). The interaction of the SM
Higgs with theW bosons remains the same as in the SM.
The Ec and B± gauge bosons are not decoupled from
the SM particles, according to (62) there is a coupling
of the new Ec and B±µ bosons to the SM Higgs. In (62)
the SM Higgs self-interaction potential V (ΦH) = −µ2
| ΦH |2 +λ | ΦH |4 is included.
We denote the left- handed lepton family with EL =
(eL, µL, τL) and the right-handed family with ER =
(eR, µR, τR). The SM Yukawa interaction LY uk term is
given by
LY uk = −Σn1n2σn1n2Ψ†MELΦMHΨNER + hc (63)
with σn1n2 as constant coupling coefficient and with the
IQNs MEL = {n1,m = −1, j = j3 = 12 ,κEL}, NER =
{n2,m = −2, j = 0,κER} and with the IQN of the Higgs:
MH = {nH ,mH = 1, j3 = − 12 .κH}. An assumption
concerning the IQN κ of leptons and the Higgs particles
will be discussed later.
The self-interaction term V (ΦS) and LY uk do not arise
in the TB tree level approximation but are included by
phenomenological reasons in the same way as in the
SM. A microscopic foundation of these phenomenolog-
ical terms is an unsolved problem in the SM as well as in
the here presented approach.
6. Quantization on the tangent bundle
On the tangent bundle one-particle states of the
fermion Dirac field Ψf(x, u) =
∑
M,s(ψM,s(x)χM (u) +
ψ†M,s(x)χ
∗
M (u)) labeled by the three-momentum p are
described by
Ψf(x, u) =
∑
K
1√
2EfMV
[afKu
f
M (p)χ
f
M (u) exp(ipx)
+b†fK v
f
M (p)χ
f∗
M (u) exp(−ipx)], (64)
where the index s characterizes the helicity s = {L,R}
and K = {M,p, s}. afK(t) is the annihilation operator
for a particle in the interaction representation and b†fK
(t) the antiparticle creation operator satisfying the anti
commutation rules. EfM is the single particle energy and
V the volume. ufM (p) and v
f
M (p) are the plane wave solu-
tions of the Dirac equation for particles and antiparticles,
respectively and the eigenfunctions χM (u) are given in
(29) and (36). The general construction of states in the
TB indicates that not only leptons but also scalars and
gauge bosons carry the IQN MA = {n,m,κ, j, j3}. This
means scalar fields and gauge fields can be expanded in
the analog form as (64).
The structure of the theory based on the TB geometry
suggests an identification of an elementary particle as
a state with specific internal quantum numbers M and
a specific mass analogous as in quantum mechanics of
atoms discrete quantum states with different quantum
numbers and energy levels exist. Therefore we do not
fix the particle content from the beginning but let the
existence of ”exotic” particles open which do not appear
in the SM and are not observed so far. The potential
observation of such particles depends on its parameters as
mass and lifetime, but also on selection rules as discussed
later.
Inserting the expansion (64) into the fermion Laplacian
(61) the Hamiltonian is easy to build with an interaction
term with gauge particles g. For the unperturbed fermion
Hamiltonian we get
Hf0 =
1
2
∑
P
ǫp[a
†f
P a
f
P − bfP bf†P ], (65)
with P = {M,p, s} and with the one-particle energy
ǫp =| p |. For a compact representation we introduce for
the gauge particles the denotation: g = (g0, gc) with g0 =
(A,Z,Ec) and gc = (W±, B±) and for the gauge poten-
tials Agµ = A
+
gµ+A
−
gµ with A
±
gµ = a
±
gµ(x)χ
±
Mg
(u), χ+Mg =
(χ−Mg )
∗.For the interaction Hamiltonian HfI one gets
HfI =
∑
PRK,g
(cg
0
K V
g0
PRK + c
g0†
K V
g0∗
PRK˜
+ ag
c
KV
gc
PRK+ (66)
+ bg
c†
K V
gc∗
PRK˜
)af†P a
f
R + (c
g
KU
g
PRK + c
g†
KU
g∗
PRK˜
+
+ ag
c
KU
gc
PRK + b
gc†
K U
gc∗
PRK˜
)bfRb
f†
P ,
with R = {N, r, s}, K = {Mg,k, µ}, K˜ = {Mg,−k, µ}
and
V gPRK =
ufPσ
µ
su
f
Rǫµ(k)I
f
MNMg
δr,p−k
2
√
2EfpE
f
rE
g
kV
, (67)
UgPRK =
vfPσ
µ
s v
f
Rǫµ(k)I
f
MNMg
δr,p+k
2
√
2EfpE
f
rE
g
kV
. (68)
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Here we introduced the matrix elements
IfMgMfNf =
∫
dµχgMg (u)χ
f∗
Mf
(u)Qgχ
f
Nf
(u), (69)
with the integration measure dµ(u) =
dµSU(2)dµEc , dµSU(2) = (16π
2)−1 sin θdθdψdϕ and
dµEc = (4π
2)−1ξdξdφdβ. The compact representation
(66) includes all possible interactions with gauge bosons
g = A,Z,W±, Ec and B±.
The interaction Hamiltonian of scalar particles in the
unitary gauge is described by
HSI = −
∑
PQKR
(cS†P c
S
Q + c
S
P˜
cS†
Q˜
) (70)
Σg[(c
g0†
K c
g0
R + c
g0
K˜
cg
0†
R˜
)Mg
0
PQKR+
+ (ag
c†
K a
gc
R + b
gc
K˜
bg
c†
R˜
)Mg
c
PQKR].
Here we introduced the symbols P = {MS,p}, P˜ =
{MS,−p}, Q = {MS,q}, Q˜ = {MS,−q},K =
{Mg,k,λ}, , K˜ = {Mg,−k,λ},
R = {Mg, r,σ}, R˜ = {Mg,−r,σ} and the matrix ele-
ments
MgPQKR =
1
8
qg
ISMSMgδλσδ(p− q+ k− r)
V
√
ESpE
S
qE
g
rE
g
k
, (71)
with qA = Q
2
A, qZ = Q
2
Z , qEc = Q
2
Ec , QA = e(j3 +
1
2m),
QZ = g cos θD(cos
2 θW j3−sin2 θW 12m)+g3 sin θDκ, qB =
4κ[n + 12 (1+ | m |)], qW = [j(j + 1) − j23 ], QEc =
(−g cos2 θW j3 + g sin2 θW 12m) sin θD + g3 cos θDκ and
ISMSMg =
∫
dµ(u)χS∗MS (u)χ
S
MS (u)χ
g∗
Mg
(u)χgMg (u). (72)
The dependence of the quantized field operators (64)
on the eigenfunctions χM (u) and on the coordinates u of
the tangent vectors is a specific trait of the here presented
approach based on the underlying geometric structure
of the TB. The internal symmetries arise here from the
inherent geometrical symmetries of the TB in an analog
way as symmetries in quantum mechanics originate from
spacetime symmetries in a given physical system. This
differ in a principle way from standard QFT, therefore
we denote the here presented theory as Tangent Bundle
Quantum Field Theory.
Finally we consider the SM Yukawa interaction LY uk
term given by (63). Inserting the expansion (64) into (63)
one get analog expressions as in the SM but including
matrix elements
IYMHMLNR =
∫
dµχHMH (u)χ
l∗
ML(u)χ
l
NR(u), (73)
The TB eigenfunctions differ for different n and κ but
from (73) we see that the Yukawa interaction is nonzero
only if not only leptons and quarks but also the Higgs
particles carry a nonzero Eccharge κH . The matrix ele-
ment IYMHMLNR is non-zero if the relations for the hyper-
charges −mEL +mΦ +mER = 0 and for the Ec charges
−κEL +κΦ+κER = 0 are fulfilled. The solution of these
equations is not unique. Since interaction processes fa-
vor the lowest magnitude of κ and m we assume here the
special solutionm = κ for the above given two equations.
For the left-handed lepton family we obtain κEL = −1,
for the right handed lepton family κER = −2 and for
the Higgs family κH = 1. An important consequence is
that with κH 6= 0 analogous as lepton families also Higgs
families should exist.
7. Lepton families, lepton universality and
Higgs interaction beyond the Standard Model
7.1 Lepton interaction and lepton universality
SM leptons are distinguished by the IQNs of isospin j
and j3 and weak hyperchargem. Leptons consist of three
families, electrons and electron neutrinos are members of
the first family, muons and muon neutrinos of the second
and taus and tau neutrinos of the third family. Different
families exhibit in the SM identical IQNs and properties
in the electroweak interaction with the exception of its
masses. In the TB approach in addition to isospin I and
hyperchargem the Ec-charge κ and the family quantum
number n exist. Here the up to now unexplained fact in
the SM that three lepton families exist differentiated only
by its mass find an explanation by the additional family
quantum number n for a non-zero Ec-charge κ. Besides a
larger number of families than three could exists, but its
possible observation depends on the mass of these states
with n ≻ 3 or other possible physical effects..
The interaction of fermions via gauge potentials is de-
scribed by (66) with analog expressions as in the SM
but with inclusion of the matrix elements IfMgMfNf given
in (69) depending on the eigenfunctions of the Lapla-
cian on the group. From (69) selection rules can be de-
rived for fermion interactions. If the value of the integral
IfMgMfNf is zero the interaction is forbidden. These se-
lection rules arise in a similar way as the selection rules
in atomic systems if the transition moment integral is
vanishing which constrains the possible transitions of a
system from one quantum state to another. From these
matrix elements we see that in the electroweak inter-
action leptons (with Me = Ne ) couple only to pho-
tons and Z-bosons with κg = 0, jg = 0,mg = 0 and
therefore with hMg (u) ≡ 1 we find I lMAMlMl = Q and
I lMZMlMl = QZ .This means that family universal elec-
troweak coupling of leptons with photons and Z-bosons
is regained in the here presented approach. For the cou-
pling of the families of left-handed charged leptons and
neutrino´s to the charged W±-bosons we substitute for
Ml the IQN of the lef-handed charged leptons and for Nl
that of the neutrinos. The operator QW± = g1J
± shifts
the iso-spin component j3 in such a way that the matrix
11
element (69) is again independent on the family number
n. Lepton flavour universality is one of the distinctive
features of the SM and experiments set stringent limits
on processes that violate this universality. Although now
every family is connected with a different IQN n and dif-
ferent eigenfunctions the coupling of the photons to the
leptons remains independent on the family number n.
The same behavior we can find for the interaction with
the Ec-boson with SM leptons. The matrix element (69)
with g = Ec is non-zero only if the Ec-boson carry the
IQN κEc = 0, jEc = 0,mEc = 0.
The mass of leptons and its large difference for elec-
trons, myons and τ -leptons as well as the non-zero neu-
trino masses can not be explained as a tree-level effect.
But the occurrence of a family quantum number n and
different eigenfunctions in the here presented approach
could open up a route towards its physical understand-
ing beyond the tree level in a non-perturbative treatment.
This problem is beyond the present paper.
7.2 The interaction of Higgs particles with
gauge bosons
The interaction of scalar particles with gauge bosons is
described by (70) with matrix elements given in (71) and
(72). Let us first discuss the weak interaction of the Z
andW± bosons with the SM Higgs particle. As explained
above the Ec charges κ of the Z and the W bosons are
necessary zero (κZ = 0,κW± = 0). However as described
in section 6 the Higgs carry a non-zero Ec charge (here
κH = 1 is assumed), therefore the coefficients qZ in (71)
shows a very small deviation from their value in the SM
proportional to g23 .
An interesting feature of the presented approach refer
to the interaction of extra gauge bosons Ec and B±
with the SM Higgs described by (70), (71) and (72). As
seen the coupling of the Higgs to Ec and B± bosons is
allowed.
Note that the existence of a new vector boson is a
common feature of many extensions of the SM (for a
review see [37]). In particular models with an extra gauge
group U´(1) are studied in large number of papers (see e.g.
[37–40]).
The possible existence of Ec and B± bosons leads to
a fundamental fifth interaction. The parameter space of
Ec and B± masses and the coupling coefficient g3 (or
the mixing angle θD) are constrained by existing data
from experiments, and could be found in a similar way
as for U´(1) extended models (see. e.g. [34–36, 52–56]).
Much of these data hints to the assumption that the cou-
pling coefficient g3 and the mixing angle θD are small:
g3 ≪ 1, θD ≪ 1. This means that the fifth fundamen-
tal interaction mediated by the Ec-boson is much weaker
than the SM weak interaction.
8. Dark Matter candidates
Astrophysical and cosmological observations show that
the largest part of matter in our universe is constituted by
unknown non-luminous particles denoted as Dark Matter
(DM) that have a very weak interaction with the visible
sector of the universe. Such particles do not exist in
the SM, but there are many attempts for an extension
of the SM with possible DM candidates such as Weakly
Interacting Massive Particles (WIMPs), sterile neutrinos,
the lightest neutralinos in super-symmetric models or ax-
ions (see e.g.[41, 42]). Recently alternative phenomeno-
logical models has been developed as the Dark Sector
Model(see e.g. [36, 47–51]) or the Higgs portal model
[46, 47, 52, 53, 55, 56].
One of the most notable feature of the generalization
of the SM by the gauge group SU(2)⊗ Ec(2) is the pos-
sibility that Dark Matter candidates lie within the new
gauge sector. In the present approach for the deriva-
tion of the corresponding Lagrangians of DM particles
no additional phenomenological model assumption are
requested, but only the particle content with the choice
of appropriate IQNs for the DM is necessary. An ob-
vious way for the assignment of the IQNs to left- and
right-handed Dark Fermions and Dark Scalars can be
made by the choice of zero hypercharge (m = 0) and
isospin (j = 0) but non-zero Ec- charge κ 6= 0. As a
result one can expect that similar as SM leptons DM
fermions and DM scalars are grouped in families with
the IQN n = 1, 2, 3. In the Laplacian (61), (62) and
(63) we substitute for the lepton and Higgs wavefunc-
tions Ψls(x, u) → Ψls(x, u) + ΨDs (x, u) and ΦH(x, u) →
ΦH(x, u) + ΦS(x, u).According to (29) the eigen func-
tions oft the Laplacian on the group SU(2)⊗Ec(2) with
j = m = 0 take the form
χDM = h00κ(ξ, φ) =
√
κ
π
exp(iκβ) (74)
exp(−| κ | ξ
2
2
)L0n(| κ | ξ2).
With these extensions the Laplacian (60) now is substi-
tuted by L → LSM + LD where LSM describe the SM
particles and LD = L
f
D + L
S
D + L
Y uk
D includes the La-
grangians of dark fermions, dark scalars and the dark
Yukawa term, respectively. In the following we discuss
these Lagrangians.
8.1. Dark vector gauge bosons
In the present approach new vector bosons Ec and B±
arise naturally by the geometric TB symmetry described
by the group Ec(2). These particles can be interpreted
as DM vector gauge bosons. The Lagrangian of the DM
gauge bosons is given by (54) where the fields C+µ and
C−µ are related with the A
c
µ, Z
c
µ and the E
c
µ gauge poten-
tials by the relation (52) and (57). The Ec and B± gauge
bosons are not decoupled from the SM particles, accord-
ing to (62) there is a coupling to the SM Higgs, but also
the interaction of the Ec boson with leptons with a very
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small coupling constant g3 is allowed. Note that leptons
interact also directly to the Higgs due to the Yukawa in-
teraction in (63) and therefore via (62) indirectly couple
to the Ec and B±µ bosons.
From (40),(50),(54) and (57) we can see that the non-
Abelian DM vector bosons with the gauge potentials Ecµ
and B±µ interact with each other but also with the SM
gauge bosons A, Z and W±.
Note that the hypothesis of self-interacting DM (in
contrast to collisionless cold Dark Matter) enables to re-
solve a number of conflicts between observations and pre-
dictions of collisionless DM simulations [43, 44] and has
also been assumed as light thermal DM relicts [45].
8.2. Dark fermions
We assume that DM fermions with vanishing hyper-
charge and isospin (j = 0,m = 0) but nonzero
Ec−charge (κ 6= 0) could exist. The Lagrangian of the
family of DM fermions is given by
LDf = i
∑
Ms
ΨD†Msσ
µ
s [
∂
∂xµ
+ig3κD(sin θDZµ+cos θDE
c
µ)]Ψ
D
Ms,
(75)
with MD = (n, 0,κD, 0, 0).As one can see different types
of DM fermions with non-zero Ec-charges κD are pre-
dicted. For every DM fermion with given Ec-charge κD
a DM fermion family with n = 1, 2, ... could exist which
couple to the SM Z gauge potential with the coupling
coefficient g3κD sin θD and and to the E
cgauge potential
with the coupling coefficient g3κD cos θD. Analog as the
relation (69) one can derive corresponding selection rules
for the interaction of dark fermions with gauge bosons.
The construction of a gauge and Lorentz invariant
mass term for DM fermions in a renorrmalizable La-
grangian can be done in a similar way as in the SM
using a modified Yukawa interaction term and differ-
ent IQNs for right and left-handed DM fermions. Since
the SM Higgs carry iso-spin and hypercharge a DM
Yukawa interaction term LDY uk can not be constructed
from the SM Higgs but instead a scalar DM with vanish-
ing hyper-charge and isospin (j = 0,m = 0) but nonzero
Ec−charge (κS 6= 0).Therefore the Yukawa interaction
term for scalar DM can be expressed as
LDY uk = −Σn1n2σDn1n2Ψ†MDLΦMSΨNDR + hc (76)
where the sum is over the DM fermion family members
with identical κ, σDn1n2 are constant coupling coefficients.
For the vacuum IQNs of the dark scalar we assume the
IQNs MS = {nS = 0,mS = 0, j3 = 0.κS = 1}. This
suggest the following assigned of the IQNs for the family
of left-handed and right-handed dark fermions: MDL =
{n1,m = 0, j = j3 = 0,κDL = −1}, NDR = {n2,m =
0, j = 0,κDR = −2}.
8.3. Dark scalars
The Lagrangian of DM scalars with j = 0,m = 0 but
nonzero κ 6= 0 and the family number n is given by
LDS = ∂µΦ
D†
S ∂
µΦDS+ | ΦDS |2 [g224κ(n+
1
2
)B+µ B
µ− (77)
+ ZµZ
µ(g3κ sin θD)
2+EcµE
cµ((g3κ cos θD)
2]
+ V (ΦDS ,ΦH),
where V (ΦDS ,ΦH) is the the nonlinear Higgs-type poten-
tial for the DM scalar including a possible coupling of
the SM Higgs to the DM scalar:
V (ΦDS ,ΦH) = −µ2S | ΦS |2 +λS | ΦS |4 +λSH | ΦS |2| ΦH |2
(78)
As seen in (77) coupling of DM scalars to DM gauge
vector bosons Ec and B± is allowed. But with a very
small coefficient g3 sin θD there exists also a coupling to
the SM Z boson arising from the diagonalization of the
Laplacian for the Higgs. The coupling of a DM scalar
particle to gauge bosons g = (Ec, Z,B±) is described by
(70), (71) and (72) and by the eigenfunctions χDM (u) as
given in (74).
In order to generate the gauge boson and DM fermion
mass the potential for the scalar DM should develop
a nonzero VEV. Taking the extreme of V (ΦDS ,ΦH) +
V (ΦH) a non-zero VEV≺ ΦH ≻= Φ0H and≺ ΦS ≻= Φ0S
can be calculated which are given by
(Φ0H)
2 =
4µ2HλS − 2µ2SλSH
4λSλH − λ2SH
, (79)
(Φ0S)
2 =
4µ2SλH − 2µ2HλSH
4λSλH − λ2SH
.
Choosing the unitary gauge and expanding the Higgs and
the DM scalar around their VEVs by ΦH = Φ
0
H + Φh,
ΦS = Φ
0
S+Φs the mass squared matrix for the SM Higgs
and for the DM scalars is given by
M2 =
[
2λH(Φ
0
H)
2 λSHΦ
0
HΦ
0
S
λSHΦ
0
HΦ
0
S 2λS(Φ
0
S)
2
]
(80)
This matrix can be diagonalized by
Φ´h = cosβΦh + sinβΦs (81)
Φ´s = − sinβΦh + cosβΦs
With the mixing angle
tanβ =
λSHΦ
0
HΦ
0
S
λS(Φ0S)
2 − λH(Φ0H)2 + Λ
(82)
with Λ =
√
(λS(Φ0S)
2 − λH(Φ0H)2)2 + (λSHΦ0HΦ0S)2.
The masses for the diagonalized mass eigenstates are
Mh´ = λS(Φ
0
S)
2 + λH(Φ
0
H)
2 + Λ (83)
Ms´ = λS(Φ
0
S)
2 + λH(Φ
0
H)
2 −∆
.
13
Spontaneous symmetry breaking of the SM Higgs field
and the DM scalar leads to the generation of masses for
the gauge bosons Z, W± as well as for the dark vector
bosons Ec and B± which contain contributions from the
Higgs VEV as well as from the DM scalar VEV
M2W± = (Φ
0
H)
2g21/2 (84)
M2Z = 2(Φ
0
H)
2[
1
2
g cos θD − g3 sin θD]2 + (85)
+2(g3κ sin θD)
2(Φ0S)
2
M2Ec = 2(Φ
0
H)
2[
1
2
g sin θD + g3 cos θD]
2 + (86)
+2(g3κ cos θD)
2(Φ0S)
2
M2B± = 2g
2
2 [2(Φ
0
H)
2 + (Φ0S)
2] (87)
The mass of the W± bosons is identical with its value
in the SM. For the Z boson we obtain from (85) a mass
with a small deviation from the SM proportional to (g3)
2
for g3 ≪ 1 : δMZ = (Φ0H)4g23/
√
2g which can be used for
the determination of experimental bounds of the cou-
pling coefficient g3. As seen in (87) with κH = 1,mH =
1, nH = 0, the B
± boson gets a mass proportional to
the SM coupling constant g2. Without the VEV of the
dark scalar (with Φ0S → 0) one gets MB± = Φ0Hg22 ≃
116.24GeV (using Φ0H = 180GeV ). According (86) the
mass of the Ec boson given by MEc ≃ 2Φ0Sg3 for g3 ≪ 1
is proportional to g3.
Albeit on a different theoretical basis, the described
predictions show some similar features that arise in var-
ious scenarios for DM physics denoted as the Dark Sec-
tor (see e.g. [36, 47–51]), the vector Higgs portal (see
e.g. [46, 47, 52, 53, 55, 56] and the Z portal (see e.g.
[54, 55]). The Dark Sector hypothesis assumes that DM
interact only through a new UD(1) force with a hypo-
thetical ”Dark photon” as gauge boson but SM matter
do not interact directly with DM particles but can inter-
act indirectly via a kinetic mixing term in the Lagrangian
[48]. In the Higgs portal model a DM massive vector bo-
son associated with a hidden U´(1) symmetry couple to
the SM Higgs and in the Z-portal dark matter model
a DM fermion interact directly with the SM Z-boson.
Ref. [55, 56] reports that the Higgs portal model is
compatible with the available data. Besides in [55] also
acceptable regions of parameters for the Z-portal model
for the interaction of DM fermions with the SM Z boson
were reported. From these results similar conclusions can
be drawn for the acceptable parameter region of the La-
grangians (75) and (77).
A comparison of the here presented approach with
the Higgs portal and the Z portal models shows some
common properties but also clearly distinct features and
principal differences. Whereas the majority of DM mod-
els can be considered as a minimal extension of the SM
based on a phenomenological model assumption to un-
derstand the mechanism of annihilation, scattering and
possible decays of SM particles the idea of the present
approach is to describe fundamental interactions of SM
particles as well as DM particles in a uniform way without
phenomenological model assumption within the geomet-
rical structure of the TB with the same symmetry group
SU(2)⊗ Ec(2). As seen in the Lagrangian (62) the SM
Higgs interact with the dark vector bosons Ec and B±
and in the Lagrangian (77) a DM scalar and in (75) a
DM fermion with the SM Z boson. The extra DM vec-
tor bosons Ec and B± are nonabelian gauge bosons and
interact to the SM gauge bosons. Due to the existence of
families the SM leptons carry an Ec charge. A nonzero
Yukawa interaction term hints that also the Higgs carry
a nonzero Ec charge κ and therefore a family of Higgs
particles could exist. The coupling of the Higgs and DM
scalars in (62) and (77) with the Ec and B± arise in an
intrinsic way by the symmetry group while interactions
of the Z-Boson with the DM Ec and B± boson or a scalar
DM particle arise due to the diagonalization of the Higgs
Lagrangian by the transformations (57).
Above we discussed only DM candidates with zero
isospin and hypercharge, but there exists the possibility
that DM particles basically interact by the weak coupling
to SM particles, this means they are electrically neutral
but carry hypercharge and isospin satisfying the relation
QA = e(j3 +
1
2m) = 0. This includes right handed sterile
neutrinos with j3 =
1
2 and m = −1.
9. Conclusions
The present paper is based on the hypothesis that the
tangent bundle is the underlying geometrical structure
for the description of the fundamental physical interac-
tions. The internal (gauge) symmetries are not inserted
as an extra theory constituent given externally a priory
by phenomenological reasons like in the SM but come
out from the inherent geometrical structure of the TB
with symmetries described by the group SO(3, 1). Pro-
jective irreducible representations of this group can be
constructed by using the little groups SU(2), Ec(2) and
SU(1, 1). Using the covariant derivative given by the op-
erators on the transformation group G = SU(2)⊗Ec(2),
and the corresponding connection coefficients (gauge po-
tentials) a generalized theory of the electroweak interac-
tion is derived. Since the SM arises (without phenomeno-
logical assumptions) as a limiting case the presented ap-
proach answer the question why the gauge group of elec-
troweak interaction in the SM is G = SU(2)⊗ U(1).
In the TB approach wave functions depend on the
space-time coordinates x as well as on the coordinates
of the tangent fibers u. The known SM Z andW± gauge
bosons can be found again but in addition new extra
gauge bosons Ec and B± are predicted which constitute
a fifth fundamental interaction. In addition to the SM
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quantum numbers of isospin and hypercharge there ex-
ist the Ec-charge κ and the family quantum number n.
The existence of the family IQN n in the TB approach
shed light on the mysterious appearance of lepton fami-
lies in the SM requiring a distinct IQN for every family.
However the large mass difference of different families
cannot be explained as a tree-level effect but requires
a non-perturbative quantum loop treatment which is be-
yond the present paper. The existence of families requires
that leptons carry a non-zero Ec -charge κl. A selection
rule from the Yukawa interaction indicate that also the
Higgs particle carry the Ec -charge κH = 1 and there-
fore in the present approach a family of Higgs particles
is predicted. In contrast, SM and Ec gauge bosons carry
zero Ec-charge κg = 0. The derived selection rule reveals
that family universal coupling of leptons persists for the
interaction with SM gauge bosons.
An important prediction of the theory presented is
the possibility of identifying candidate stable or unsta-
ble hypothetical DM fermions and DM scalars with zero
hypercharge and zero isospin but non-zero Ec -charge
κ 6= 0 which should necessarily grouped in different fam-
ilies with different family numbers n = 1, 2, ...The new
non-Abelian vector bosons Ec and B± can be interpreted
as DM vector gauge bosons. These hypothetical bosons
are not decoupled from the SM particles, but there is
a weak coupling to the SM Higgs and to the SM Z bo-
son. Besides also the coupling of leptons with the Ec
bosons with a small coupling coefficient g3 is allowed .
DM vector bosons interact with each other but also with
the SM gauge bosons. Spontaneous symmetry breaking
of the SM Higgs and the DM scalar predicts not only the
masses of the Z andW± bosons but also that of the dark
gauge bosons Ec and B±.The precondition of nonzero Ec
charges κ 6= 0 of DM fermions and DM scalars indicates
that analogical as lepton families also DM fermion and
DM scalar families should exist.
Finally, the approach presented is linked with the ge-
ometrization program of physics based on a single hypo-
thetical principle that the tangent bundle with the sym-
metry group SO(3, 1) ⋊ T (3, 1) is the fundamental geo-
metrical structure for an unified description of all funda-
mental physical interactions. On the one hand as briefly
explained in section 3 the tangent bundle is the geometri-
cal fundament for teleparallel gravity gauge theory based
on translational transformations T (3, 1) of tangent vec-
tors along the fiber axis [11–15] which is fully equiva-
lent to the Einstein gravity theory. On the other hand
here a generalized theory of electroweak interaction and
dark matter is presented based on the little groups of
SO(3, 1). Therefore gravity, electroweak interaction and
Dark Matter are described by the same fundamental geo-
metrical structure of the TB. Note that strong interaction
with the gauge group SU(3) is in this frame still missing.
The color group SU(3) of Quantum Chromodynamics
can not be described as a geometrical symmetry in the
TB in a way as the SU(2) ⊗ Ec(2) group leaving the
scalar product (3) invariant. However the SU(3) sym-
metry could be hidden in the fundamentals of the Tan-
gent Bundle geometry in a surprising way arising as an
emergent symmetry similar as Chern-Simon gauge fields
originate by the anomalous Quantum Hall Effect in Solid
State Theory (see e.g. [57–60].The key for understand-
ing of this assumption is the fact that the eigenfunction
of the Ec(2) group given in (29) have the same form as
the solution of the 2D Schro¨diner equation for electrons
in a perpendicular external magnetic field. The solution
(29) describes the vertical subspace for a single tangent
fiber at a fixed spacetime point, but if we combine all
tangent fibers at all spacetime points we get an equation
with the analog form as the multi-particle Schro¨dinger
equation of a 2D quantum Hall system and with the ac-
count of the three iso-spin components of fermions that
of a three-layer Quantum Hall system [58]. This explains
the astonishing analogy of fractional charge quantiza-
tion of quarks with the anomalous Qantum Hall effect
[57]. In this approach emergent effective gauge fields
[58, 59, 61, 62] (arising here in the vertical subspace of
tangent vectors in the TB) originate in an intrinsic way
and bound the bare quarks to two vortices constituting
composite quarks. These gauge fields and the SU(3) sym-
metry is assigned to the base spacetime of the TB via the
density distributions and could appear as the local SU(3)
color symmetry of Quantum Chromodynamics.
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